In this study, an exact Eulerian solution is derived for the bidirectional vortex in a conical chamber. Our model is applicable to idealized representations of cyclone separators and liquid rocket engines with slowly expanding chamber cross-sections. The bulk fluid motion is assumed to be nonreactive, steady, rotational, inviscid, and incompressible. 
I. Introduction
NTEREST in modeling cyclonic motions has been recently revived, especially in propulsive applications where swirl-driven cyclones have become known for their elevated efficiencies and self-cooling properties. In fact, several types of liquid [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and hybrid [1] [2] [3] [4] [5] [6] [7] [8] [9] rocket engines under development today are based on the so-called bidirectional vortex. This bipolar vortex denotes a cyclone comprising a pair of (outer and inner) coaxial, co-rotating swirling streams that are separated by a spinning wheel known as the mantle. The latter constitutes a rotating, nontranslating shear layer along which mass can cross inwardly from the outer, annular vortex to the inner, central core where combustion and/or mixing can be vigorously promoted.
Using cylindrical combustion chambers, analytical models have been advanced by Vyas and Majdalani, 10 Majdalani and Rienstra, 11 and Vyas, Majdalani and Chiaverini 12-14 for the liquid engine application, and by Majdalani 15 for the hybrid engine case. Cold flow experimentation using PIV [16] [17] and numerical models have also been implemented under both cold 18 and reactive flow conditions. 19 From a historical perspective, the bidirectional vortex concept that is now applied to liquid and hybrid thrust engines was first implemented in industrial cyclones. In fact, one of the earliest analyses may be traced back to ter Linden's experimental work on dust separators in the late 1940s. 20 Both hydraulic and gaseous cyclones were also investigated by Kelsall 21 and Smith, [22] [23] respectively. Work on conical dust separators continues today as documented in the comprehensive studies by Peng, Hoffmann and Dries, 24 Hu et al., 25 Cortes and Gil, 26 and others. For the conical cyclone, the earliest theoretical analysis may be attributed to Fontein and Dijksman 27 who once evoked semi-empirical approaches and curve fitting to obtain physically viable approximations.
27 A more refined model based on the Polhausen method was later suggested by Bloor and Ingham 28 and shown to be in fair agreement with Kelsall's measurements. 21 A more useful approximation for the conical cyclone would later emerge from the work of Bloor and Ingham; 29 this time, they were able to incorporate realistic boundary conditions into their inviscid model. At the outset, their solution was useful in reproducing the overall features of the flow simulated numerically by Hsieh and Rajamani, 30 Hoekstra, Derksen and Van den Akker, 31 and Derksen and Van den Akker. 32 Bloor and Ingham's approach was based on the Bragg-Hawthorne equation and appropriate assumptions concerning the conservation of enthalpy and angular momentum along inlet flow streamlines. 
U z r
Other studies, such as those by Zhao and Abrahamson, 33 sought to demonstrate the effect of the upstream boundary conditions in the presence of a vortex finder. Consideration was also given to the differences between axial and slotted injection. While some numerical studies explored the effect of geometry on the separation efficiency 20 and/or the performance of cyclone separators, [24] [25] [26] others sought to analyze their instability. [22] [23] Considering that the conical chamber is of key relevance to both industrial cyclones and modern concepts of liquid and hybrid engines, it is the purpose of this paper to derive an exact solution for the bidirectional vortex in a conical setting. Using a judicious choice of spherical coordinates, our approach will extend and complement the work of Bloor and Ingham 29 by revisiting the Bragg-Hawthorne equation from which a verifiable inviscid solution may be obtained. In a companion paper, 34 the same approach will be applied to the cylindrical chamber for which new exact solutions will be derived under isentropic conditions. Not only will our solutions be shown to satisfy Euler's equation identically, but they will also exhibit the key characteristic parameters, such as the swirl number, that will permit reconciliation with other exact solutions in the literature.
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II. Problem Formulation
A. Geometry
Our cyclonic separator is presented as an idealized cone with a divergence half-angle and length . L The schematic shown in Fig. 1 incorporates both the divergent body and the non-divergent cylindrical segment termed vortex finder. Our analysis is limited to the divergent segment of this device as the vortex finder plays the role of an outlet nozzle in a conical thrust chamber. Whether using cylindrical or spherical coordinates, the origin of the reference frame is anchored at the apex of the cone (or the bottom-center of the chamber, in the case of a cylinder). Mass addition takes place tangentially at an average injection speed of U and volumetric flowrate . W This inwardly directed stream generates the outer vortex by filling the annular region extending from the mantle to the wall. Inside the mantle, an inner vortex is formed through which fluid is carried upwardly and out of the chamber. In this study, we are not concerned with the three-dimensional development of the tangential source into an axial stream. We assume that the flow turning process is immediate. As for the outer vortex in the exit plane, it is bounded by the inner and outer radii, b and .
a As shown in Fig. 2a , we use a right-handed coordinate system consisting of a spherical radius , R a colatitude angle , and an azimuthal angle defined positive in the direction of swirl.
B. Spherical Equations and Assumptions
For the present model, the flow can be characterized as (i) steady, (ii) inviscid, (iii) incompressible, (iv) rotational, and (v) non-reactive. When these assumptions enforced, the conservation of mass and momentum equations become 
In conformance with the theory of laminar swirling flows, the absence of friction enables us to justify the use of axisymmetry about the vertical axis. This reduces Eqs. (1)- (2) into
2 cot 1
cot 0
with vorticity being expressible by
The importance of this relationship will soon be established.
C. Boundary Conditions
Given axisymmetric condition with respect to the azimuth, our conical flow field can be made to satisfy two conditions on the stream function, , . R By insisting that the stream function vanishes at both the centerline and the conical wall (at ), we set
Furthermore, we assume that the tangential inlet is responsible for mass added to the chamber. We thus let 
where the spherical radius and colatitude angle corresponding to inlet conditions are given by (see Fig. 3 
We also assume that the tangential injected flow is responsible for producing the entire flow into the annular section of the outer vortex (downdraft shown in Fig. 1 ). Finally, we verify that mass balance between the outer, annular vortex and inner, core vortex is maintained. By integrating the solution over the inlet and outlet sections, we set to confirm that .
III. Procedure
A. Streamline Projection
We begin by using Lamb's vector identity The momentum equations becomes
where is the fluid head. Based on the stream function , R , the radial and colatitude velocities may be expressed as
Considering a flow displacement ds we then project the momentum equation along a streamline. This enables us to write
The pressure head is then obtained by integrating Eq. (14) along a streamline. We recover Bernoulli's form
where is constant along each streamline. This basic derivation is intended to clarify the origin of which arises in the Bragg-Hawthorne equation.
B. Swirl Velocity
Based on the momentum equation, we group sin u R and reduce Eq. (6) into
The material derivative directly leads to the tangential velocity,
where is a form of tangential angular momentum that is to yet to be determined.
C. Radial and Tangential Vorticity Relations
Using the free vortex relation for the tangential velocity, may be connected to the radial vorticity, .
R
By substituting u into Eq. (7), we retrieve
where the derivative with respect to the stream function is deliberately used in view of ( ). Next, the tangential vorticity may be extracted from the momentum equation. Transforming Eq. (11) into scalar form, we segregate the component and rewrite it as
Making the necessary substitutions for the radial and tangential velocities as well as the radial vorticity, we are left with
This expression may be considerably simplified and rearranged into
D. Bragg-Hawthorne Equation
After inserting the tangential vorticity of Eq. (7) into Eq. (21), the velocities may be eliminated through Eqs. (12) - (13) . The outcome is a form of the Bragg-Hawthorne equation (BHE) in spherical coordinates. We obtain
and so
Clearly, the proper choice of and will be instrumental to the solution of Eq. (23).
IV. Solution
A. Axial Inlet Conditions
The flow injected tangentially along the periphery must turn inwardly. We therefore take W as the average axial velocity at entry, where , b r a b being the inner radius of the open gap shown in Fig. 3 . The stream function corresponding to a top hat profile is well known to be
where through our choice the integrating constant makes the stream function equal to zero at the wall. The volumetric flow rate at the inlet then equals
Note that the inlet stream function is simply a uniform velocity profile in spherical coordinates. This approach enables us to introduce an inlet boundary condition that will disseminate throughout the chamber.
B. Relations for and
In order to link and , we consider the inlet condition where the tangential velocity enters at an average velocity of . U Equation (17) becomes, along the inlet section, sin ( ) UR (26) where remains constant along a streamline. Next we differentiate Eqs. (24) and (26) with respect to sin R to obtain, at the top of the cone,
A combination of these two expressions leads to
This relation grants the tangential velocity the freedom to vary with the stream function. The total velocity at entry is hence 2 2 2 ( , ) Fig. 3 ). Assuming a constant inlet velocity, we may revisit Eq. (15) Note that one recovers u U along the inlet section where a uniform flow prevails. Finally, using the actual stream function inside the cone, we retrieve,
Compared to the free vortex solution of Vyas and Majdalani 10 the tangential velocity obtained using this approach continues to retain the general free vortex form requiring inverse variation with the distance from the axis of rotation 1 ( sin ) R . In addition, however, it exhibits a crucial dependence on the inlet velocity profile and the spatially varying stream function. It can therefore be seen that the characteristics features of this procedure consist of (i) retaining the spatial dependence through the stream function and (ii) accounting for a specific axial injection profile at entry. These important steps can be systematically applied to other geometric settings as it will be shown in the companion paper by Majdalani.
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V. Results and Discussion
A. Conical Swirl Number
Through the use of Eq. (25), the inlet axial velocity W may be eliminated in favor of the actual tangential flow rate into the chamber, 
This key substitution gives rise to a modified form of the swirl number that is applicable to our conical model. 31 We thus define, 
; ;
where a is the maximum radius of the cone. Given geometric similarity at fixed divergence angle, L can be shown to disappear in a judiciously normalized system, although results can be presented for a unit chamber length 
The streamlines prescribed by Eq. (56) are shown in Fig. 4 at four different cone half-angles of 15, 30, 45, and 60 degrees. In these plots, the outer and inner vortex regions are separated by a broken line that corresponds to the mantle location. The contour curves represent lines of constant , thus illustrating the downdraft, bending, and updraft regions.
C. Mantle Location
In order to determine the mantle location, we consider the behavior of the radial velocity R u in and out of the cyclone. Theoretically the mantle is located where 0, 
D. Equivalent Polar Values
In the interest of clarity, we convert our formulations into their polar cylindrical equivalents. The relation between spherical and cylindrical coordinates follows the standard transformation matrix, sin cos cos sin 
E. Radial Velocity Distribution
As mentioned in Section V.C, the spherical radial velocity, R u , controls the polarity of the flow. Simply, negative values imply downward motion whereas positive values correspond to an updraft (Fig. 1) . In Fig. 4 , the direction and location of the flow are delineated. The outer vortex is defined by the region in which 0, R u thus transporting the fluid downwardly in a spiraling fashion; conversely, the positive R u region within the inner vortex induces convection of the spinning fluid upwardly and out of the top.
Another feature that may be inferred from R u concerns the physicality and behavior of the mantle. The conical mantle resides at the location where 0.
R u
In Fig. 4 , the line that demarcates the zero axis clearly shows the angle of the mantle for each as deduced from Eq. (57). The mantle inclination angle remains constant throughout the cone, which in turn provides a constantly changing horizontal location as the axial position is vertically increased. This axial shifting is confirmed through Eq. (66) and may be observed in Fig. 6 where R u is plotted at four axial locations of / 0.25, 0.50, 0.75, z L and 1, and for two divergence angles of 30 and 45 . These curves help to delineate the inner and outer vortex regions in addition to the mantle expansion with either vertical movement or cone angle divergence.
It should be remarked that, in the absence of friction, the forced vortex region that characterizes cyclonic cores cannot be fully established without accounting for shear stresses. At the outset, the spherical radial velocity becomes unbounded as 0. In a viscous flow, one predicts a core boundary layer to form at the centerline, thus mitigating the observed divergence in the velocity. One also expects a thin boundary layer to form at the sidewall, in fulfillment of the no slip requirement. Given that this article is focused on the complete presentation of exact Euler solutions, the approximate viscous analyses of the core and sidewall layers are deferred to a later study.
F. Latitudinal Velocity Distribution
By inspection of Eq. (58), the latitudinal velocity, u , is seen to be solely dependent on the colatitude angle and the conical swirl number. Being somewhat akin to the radial velocity of the bidirectional vortex in a cylinder, 11 the latitudinal velocity for the spherical solution vanishes at both the core and the sidewall. These two velocities, u 0 0.2 0.4 0.6 0.8 1 and r u , 11 share the ability to link the inner and outer vortex regions through mass transport across the mantle. Since 0 R u at , the connection across the mantle depends only on the latitudinal velocity. The magnitude of u varies over a range of cone divergence angles, as shown in Fig. 7 . However, these curves exhibit similar profiles. This is especially visible in Figs. 7c and 7d where the variation of u is shown at four axial cross-sections and two divergence angles. Everywhere between the axis and the wall, u retains a negative value that is indicative of inward flow toward the cone axis.
In the vicinity of the mantle, a maximum u can be determined. Interestingly, the maximum radial velocity of the bidirectional vortex in a cylinder also occurs within close proximity of the mantle. Here, the maximum u appears at a constant angle given that Eq. (58) 
where is in radian. The crossflow velocity along the mantle permits a constant supply of mass transport, or spillage as it were, from the outer, annular stream to the core region. Both max / o u and max , including the approximate expression given by Eq. (70), are illustrated in Fig. 8a . The crossflow velocity given in both exact and approximate forms by Eq. (72), are displayed side-by-side in Fig. 8b along with the mantle loci through which the crossing occurs. It may be seen that the maximum latitudinal velocity mirrors the crossflow velocity so closely that overlaying them can preclude visual discernment. This behavior is interesting because each of these velocities stands at a different angle, as shown in Fig. 8 . Figure 9 illustrates the behavior of the swirl velocity in a polar plane shown at four equally spaced altitudes and two divergence angles of a) 30 , and b) 45 . As it may be inferred from the plots and confirmed through Eq. (64), u diminishes with the distance from the cone axis while bearing a weaker dependence on the inlet profile and spatial variation of the stream function. This grants the motion added sensitivity to the inlet conditions, especially when compared to the inviscid free vortex model of Vyas and Majdalani 10 (where 1 u r solely depends on the average inlet velocity). In both models, however, the purely inviscid form grows to unbounded levels at the core and fails to accommodate the velocity adherence condition that must be secured at the walls. This result is unsurprising, being a characteristic feature of most swirl dominated frictionless flows (see Bloor and Ingham, 29 Harvey, 37 or Leibovich [38] [39] ). The axial velocity shown in Fig. 10 exhibits similar features. Depending on the vertical distance from the apex, z u crosses the oblique mantle while switching polarity.
G. Tangential Velocity
H. Pressure and Vorticity Evaluation
The pressure may be directly evaluated from Euler's momentum equation. Using cylindrical coordinates for ease of referencing, we obtain: r leading order term, a result that is also characteristic of the bidirectional vortex in a cylinder. 10 Note that the pressure difference is negligible at the wall and largest near the centerline. Vorticity in this problem may also be evaluated using u . We obtain 
The radial variation of the total vorticity is displayed in Fig. 11b at several fixed locations. The vorticity lines confirm the duality of radial positions that yield the same value of at given . z This may be attributed to the transport of vorticity along looping streamlines. As for the magnitude of vorticity, it increases as the axis of rotation is approached, especially inside an approximately 20% radius. Here too, the over-amplification at the origin is caused by the absence of viscous damping.
To compensate for the deficiencies associated with our Euler solution, the addition of appropriate viscous corrections have to be judiciously considered through the use of boundary layer treatment that tightly intertwines with asymptotic analysis. With the stream function and velocities at hand, it is hoped that viscous effects will be addressed in forthcoming study, in addition to other possible forms of solution. Numerical and experimental investigations are also hoped to be achieved for the purpose of verification and validation.
VI. Conclusions
This work revisits the problem arising in the context of a bidirectional vortex in a conical chamber. Immediate applications include industrial cyclone separators or modified versions of the vortex liquid and hybrid rocket engines. Starting with the spherical Bragg-Hawthorne equation, an exact and verifiable Euler solution is derived that overcomes some of the deficiencies and limitations of previous mathematical models of conical cyclones. Our results are not only presented in spherical coordinates, but also in polar cylindrical form to facilitate crossreferencing. Through a judicious choice of normalization parameters a universal, self-similar formulation is produced that is independent of the cone's vertical dimension. The ensuing analysis enables us to identify key characteristic parameters such as: (1.) the mantle inclination at 60% of the cone's divergence half-angle; (2.) the crossflow velocity along the mantle interface cross ; u and (3.) the maximum latitudinal velocity u and its locus max . The latter is reminiscent of the radial velocity in a right-cylindrical chamber. It is interesting that our theoretical prediction for is fully supported by experimental measurements. 36 On this note, several asymptotic approximations are provided and some appear in a piecewise form that depends on a cutoff half-angle of 22.2 deg.
After expressing the stream function in polar cylindrical form, 
